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Abstract. Having the ill-posedness in the range s < —3/4 of the Cauchy 
problem for the Benjamin equation with an initial H a (R.) data, we prove that 
the already-established local well-posedness in the range s > —3/4 of this 
initial value problem is extendable to s = —3/4 but also that such a well- 
posed property is globally valid for s £ [—3/4, oo). 



1. Introduction 

Continuing from [10] . we fully investigate the local and global well-posedness of 
the initial value problem for the Benjamin equation 

, . ( d t u~^d x u + aHdlu + (3dlu + d x {u 2 ) = 0, (i,t)eixl, 

( ' \ u(x,0) = u (x), 161. ' 

Here TL stands for the one-dimensional Hilbert transform: 

Hf(x) = lim - f f(x- y)y- 1 dy, iel. 

In Physics, the Benjamin equation, according to [5] and [26], describes the vertical 
displacement, bounded above and below by rigid horizontal planes, of the interface 
between a thin layer of fluid atop and a much thicker layer of higher density fluid; 
see also [H El El [HI 123 for the study of existence, stability and asymptotics of solitary 
wave solutions of (|l.ip . In addition, the case a/0 and (5 = in (|l.ip induces the 
Benjamin-Ono equation - see Kenig's survey [18] but also Ionescu-Kenig [16] and 
Burq-Planchon 8J for more information. 

In Chen-Xiao's paper [10], the following well/ill-posedness result was established 
through a sharp bilinear estimate for the so-called Bourgain space [H[ and Bejenaru- 
Tao's argument for [4] Theorem 2] plus an example in Bourgain [7] and Tzvetkov 
[29]. 

Theorem 1.1. For a, (3, 7, £, s, b e M with af3 / 0, let p{£) = f3f - a£\£\ + 7^. 
Then: 

(i) For s > -3/4 and u e H S (R) there exist b e (1/2, 1) and T = T(||<u ||h«) > 
such that il.l]) has a unique solution u in X s ^^ p n C([— T, T]; H S (M)). 

(ii) For s < —3/4 the solution map of the initial value problem of M.l]) is not C 3 
smooth at zero - there is no T > such that the solution map of il.l]) : 

u a e H S (R) 1 ► u C C([-T,T};H S (R)) 
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is C 3 smooth at zero. 

In the above and below, H s := H S (M.) and X s fi p := X s ^, p (R 2 ) represent the 
square Sobolev space with order s and the Bourgain space - the completion of all 
Cq°(R) and C^°(M. 2 ) functions / whose Fourier transforms / satisfy 

n/n^ = (^(i + iei 2 ) s i/(e)i 2 ^) 2 <oo 

and 

1/2 

ll/lk,», = ( I I (l + |e| 2 ) s (l + |T-^)| 2 ) b |/(e,r)| 2 ^dr) <co 
\Jr Jr J 

respectively. Moreover H°°(M.) := H S (R) is equipped with the induced metric. 
Here it is appropriate to point out that: Under (/?, 7) = (—1,0) and a = —v G 
(—1,0) Theorem 11.11 (i) returns to Kozono-Ogawa-Tanisaka's [23, Theorem 2.1]; 
Under s > —1/8 and 7 = Theorem ll.il (i) goes back to Guo-Huo's [H Theorem 
1.1]; Under (s, 7) = (0, 0) and a/3 > Theorem ! 1.1 1 (Tj yields the local well-posedness 
in Linares [2~3] . 

Due to the fact that the key bilinear estimate for a Bourgain space (stated in 
[TD1 Theorem 1.1]): 

(1-2) R(Hlk, (i) _ 1)+ , p < c\\u\\ x .. b Jv\\x., iiP 

fails for any s < —3/4 and 6 £ R, the paper jTO] conjectured that Ijl.ip is locally 
well-posed for the intermediate index s — —3/4. The first aim of this paper is to 
verify this conjecture by modifying X Si {, tP in terms of an I 1 Besov-type norm - such 
a modification is mainly motivated by: Tataru's |28j on wave maps; Bejenaru-Tao's 
[3] on Schrodinger equation; Ionescu-Kenig's [TH] on BO equation; Ionescu-Kenig- 
Tataru's [17] on KP-I equation; Guo's [13] on KdV equation. 

Theorem 1.2. For u e i/" 3/4 (IR) there exists T = r(||u || ff-3/4) such that the 
initial value problem U.l\) has a solution u in _F~ 3 / 4 n C([— T, T]; H _3 / 4 (M)), but 
also the solution map uq i— *■ u is the unique extension of the classical solution map 
from H°°(R) into C{[-T,T}; H°°(R)). 

On the other hand, since Linares [24] obtained the global well-posedness for 
(jl.ip at s = only via the L 2 conservation law, the second aim of this paper 
is to effectively adapt both the I-method developed by Colliander-Keel-Stafnlani- 
Takaoka-Tao in [TT] and the approach taken in Guo [13] to show that the solutions 
in Theorems 1 1 . llfl~2l actually exist for t in an arbitrary time interval [0,T], thereby 
establishing the sharp global well-posedness of (jl.ip below. 

Theorem 1.3. The initial value problem is globally well-posed for u G H s (R) 

with s G [—3/4, 00). 

Before verifying Theorems 1 1.2111.31 in Sections 2-3-4-5, let us agree to several basic 
notations. As above, by the Fourier transform / (or T(f)) of / G 5'(M 2 ) we mean: 

fit, r)= [ [ e-^+^/k t)dxdt. 
Jr Jr 

For the integer set Z, let Z + = Z n [0, 00) and 

f {i- \i\e[2 k - 1 ,2 k+1 ]} when < k G Z+, 
I {i ■ \i\ < 2} when k = 0. 
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Denote by rjo : M — > [0, 1] a bump function adapted to [—8/5, 8/5] and take 
value 1 in [-5/4, 5/4]. For k G Z set 

' %(£/2 fe ) - 7 7o (€/2 fc - 1 ) for fc> 1, 
for k < -1. 



vk(0 



For fc G Z let = Vo{£,/2 k ) - ??o(C/2 fe_1 ). Following [17], given k G Z+ define 

X fe = {/ e £ 2 (R 2 ) with support in I k x R such that ||/||x* < °°} 
as the dyadic X s ' b type space, where 

oo 

||/|U fc =^2^ 2 ||^(r-p(e))-/|| L ^. 

3=0 

The ^-analogue F s of an X s ' b space, as in [3] and [T3], is determined by 



HI. 



fc>0 



Denote by A < B the inequality that A < CB holds for some large constant 
C that may change (line by line) and rely on various parameters; similarly employ 
A <C B to represent A < C~ 1 B\ use A ~ B to stand for A < £? < A; and write 
< f >= (1 + |£| 2 ) 1/2 when (eK. So, fr om the definition of X k we can see that for 
any I G Z+ and / fc G X k (cf. [17]), 

J2^ /2 \\vAr- P (0) / r')|2-'(l + 2-V-r'|)- 4 dr'| < \\f k \\x k . 

3=0 J 

Consequently, for I G Z+, to G M, /fc G and 7 G <S(K) we have 

(1-3) llWCt-toW-^/fellU, < IIMIx*. 

Under fc G Z let stand for the operator on i 2 (K) defined by 

For our convenience, we take a slight abuse of notation that P k is also treated as 
an operator on L 2 (R x K) by the formula 

HPku)& T)=r,k(jZ)?(u)(£, t). 
Naturally, for I £ Z we put 

P<i = ^ -Pfc, P>i = ^ Pk- 

k<l k>l 

In order to avoid some logarithmic divergence, we need to use a weaker norm for 
the low frequency as in [13] 

When — 3/4<s<0, we define the normed spaces: 

F s = {u G <S'(R 2 ) : \\u\\% = J2 2 2sk hmHu)\\ 2 Xk + \\Po(u)\\\ o < 00}. 

fc>i 

And for each T > 0, we define the time-localized space F S (T) through 

H|j?*( T )= - inf r , (llfl)«IU;Lj|, TT1 + I|p>HIfO- 

' veF" with v=u on [-T, T] 1 *e[- T . T J 
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Other notations are introduced during the developments that come up in the 
subsequent sections 

2. Dyadic Estimates for Local Well-posedness 

In this section we present several dyadic estimates lemmas. 

Lemma 2.1 (estimates for free Benjamin equation). For t £ R let W(t) denote 
the solution at time t of the free Benjamin evolution, i.e., the operator on L 2 (M) 
defined by the Fourier multiplier e ltp ^ . Suppose I £ K is a time interval with 
\I\ < 1 and k £ Z + and k > 10. If (/) £ 5(E), then: 



(2.1) 



f \\W(t)P k cf>\\ L « L r <2- fc /«||0|| i2 ; 
\\W(t)P k ^ LlLTei <2^\\cf > \\ L2 ; 

\\w{t)p k 4>\\ LiLT <2 k ^u\\ L ,- 
L \\w{t)p k <i ) \\ L ^<2- k u\\ L ,, 



where (q, r) satisfies 2 < q, r < oo and 2/q = 1/2 — 1/r. 

Proof. For the first inequality, see [14] , for the second see [20] . For the third we use 
the results in [19], for the last we use the results in [20] by noting that ~ 2 2k 

if |£| - 2 k . ' ' □ 

Lemma 2.2 (X k embedding). Suppose I C K is a iime interval with \I\ < 1 and 
€ Z + and fc > 10. Let (q, r) be defined as in Lemma \2. 1[ If <p £ 5(R), i/ien 

II^WIU ? L S <2- fe /«|imW]IU fc , 
||p fc (u)|Uj L ^ <2 3fc / 4 ||^[p fc H]|U fc , 

I llft(«)llL^ r <2 fe / 4 ||mH]IU fc , 

Z2- k mPk(u)]\\ Xk . 

Moreover, u <E F s implies \\u\\l^h s ^ II u I|_f s - 

Proof. It follows from (|2.1[) in Lemma 12.11 and a suitable adaption of [131 Lemma 
3.2] for KdV equation. □ 

To see the next lemma, we need a few more definitions. For k £ Z and j £ Z + 
we define 

= {(£, r) : e G [2 fe -\ 2 fc+1 ] and r - p(0 6 
For any fci , &2 , k% £ Z and ji , j 2 , j'3 £ Z + , we consider 

||x||d := sup \\XD hl , H (£, t) ■ u k2th * Ufe 3 ,j 3 (C, r)[[j,2 ^ 
("fc 2 , 32 ,"fc3, 33 )e-E 

where the supremum is taken over 

E := Uu, v) : \\u\\ 2 , \\v\\ 2 < 1 and supp(u) £ D k . 2 j 2 , supp(-u) £ D k3ij A. 

At the same time, we recall some of Tao's notations in [27 ]. Any summations 
over capitalized variables such as Nj, Lj, H are presumed to be dyadic, namely, 
these variables range over numbers of the form 2 k for k £ Z. The symbols 
N m ax, N me d, N m i n stand for the maximum, median, and minimum of three positive 
numbers Ni, N 2 , N3 respectively, and hence N max > N me d > N m i n . Similarly one 
has L max > L me d > L m i n when L\, L 2l L3 > 0. More than that, we adopt the 
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following summation convention: Any summation of the form L ma x ~ • • • is a sum 
over the three dyadic variables L\, L 2 , L3 > 1, for instance, 

E : = E 

L max ~H L 1 ,L 2 ,L 3 >l:L ma , x ~H 

Likewise, any summation of the form N max ~ • • • sum over the three dyadic vari- 
ables N±, N 2 , N 3 > 0, in particular, 

E - E 

N mam ~N mcd ~N Ni, N 2 , N 3 >0: N mam ~N mcd ~N 

So, it is easy to see that in order for ||x||-D to be nonzero, one must require 
(2.3) \k max - k rned \ < 3 and 2»'»" ~ max(2*»«<», 2 2fc — ). 

Lemma 2.3 (block estimates). Let fei, fei fe £ Z and ji, j'2, J3 £ Z<+ o&ey f^.gjj . 
Suppose Ni = 2 k \ U = 2 ji for i = 1, 2, 3. 77ien: 
& L 

max 

~ N max N min implies 

11 || < ,1/2 jy-l/4rl/4 
IIXII-D ^ min max med' 

(ii) Anyone of the following three conditions 

L3 > L2, Li; 
Li > L2, L3; 



(i) 7V„ 
(2.4) 



Ni ~ iV 2 > JV 3 & K ax N min 



iV 3 



ATj > iV 2 & Ni ax N mm 



L2 ^ L3, Li, 



implies 



1/2 



1/2 



(2.5) ||x||d < L^iV m L ( min {A^^Un, j^L^} 

^ ^ rain 

(iii) 7n a/Z other cases, one has 

(2-6) Hxll-D < imL^mL ( min {^L^™. L med }) 

Proof. It follows from [TUl Lemma 2.2]. 

Based on (|2.4)l - (|2.5|l - (|2.6j) of Lemma [2~3l we obtain the forthcoming four dyadic 
bilinear bounds. 

Lemma 2.4 (high - low interaction). 

(i) lfk>0, \k — k%\ < 5, then for any u, v 6 F s , 



□ 



(i + t - piOy^kiO^Pou * Pk 2 V 



X,. 



< \\P u\\ LlLr \\P k2 v 



x k 



(ii) If k > 0, \k — k 2 \ < 5 and 1 < fci < fc — 9 then for any u, v *E F s , 

^ + r- P (Or 1 Vk(mP^*PZv < k 3 2- k ^2-^\\P^i\\ Xki \\P^v\\ Xh 

Xk 

Proof. Without loss of generality, we may assume k — k 2 . 
(i) From the definition of X). it follows that 

< 2 k Y^2-^ 2 \\p7u*Kv\\ L 2 . 

By the Plancherel theorem and (|2.2[) in Lemma l2~2l we get 

2 k \\p7u*I\v\\ L 2 <2 k \\P n u\\ LlLr \\P k v\\ LrL , < \\P u\\ LiLr \\j\v\\x k - 
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(ii) Suppose 

(2.7) u klJl = VkdOvhir - p(£))u, v k j 2 = r]k{OVj 2 ( T - p(0)v- 

Then 

(t + t - p(£))~V(£)«£*V" * 



(2.8) 



<2 fc ^2-^/2|| x ^. 3 . Ufcii . i#Ufei . 2 || i . L . 

The estimate (|2.3I) allows us to assume that j maa; > 2fc + k± — 10 in the summation 
on the right-hand side of (|2.8[) . Meanwhile we may also assume that ji < lOfe (i = 
1,2,3) since otherwise an application of the trivial estimate 

IIXDMa -"feiA * u fe^Hi|, T ~ 2im<n/22femin/2 |l^ijJL|^ll^.i2lU| !T 
gives the desired bound. Upon applying (|2.5|) we get 

2 fc X)2-J»/ a ||xu w ,-u fcl>Jl *t; fcj - a || £ » T 

< 2 fc J- 2-^/ 2 2^""/ 2 2- fc / 2 2- fel / 2 2^-/ 2 || UfelJ1 || i , J|i; fcj2 || i , ^ 

< 2* £ k^- k l^^2-^^\\KTu\\ Xki \\I\v\\ Xk 

j max >2fc+/ci-10 

<p2- fe / 2 2-^/ 2 ||^|U fci ||i^|| Xfe , 
thereby reaching the desired bound. □ 

When the low frequency is comparable to the high frequency, we have the fol- 
lowing lemma. 

Lemma 2.5 (low ~ high interaction). If k > 10, \k — fel < 5 and k — 9 < fej < 
+ 10, i/ien /or any u, v G F -3 / 4 , 



Proof. As in the proof of Lemma 12.41 we may assume k = &2- Then 



(2.9) 



;i • Ufe,j 2 * V k ,j 3 \\Ll T , 



<2 fel E 2^/ 2 || XDfcl , J 

Jl J2 J3>0 

where Ufc,^ , Wfc j2 are as in (|2.7|) with j maa : > 3fc — 20 and ji < lOfc (j = 1,2,3) being 
assumed in the summation. Applying (|2.4j) we get 



2 fel E 2_, ' l/a IIXD* lJl -«fcJ a *«fcj.lU| iT 

<( E + E + E )2--2f2%-2% i ||u fc ,, 2 |U i J| U)t 



:= J + II + III. 
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Since it is easy to get the bound of I and there exists a symmetric relation between 
II and III, it is enough to bound II according to II < II\ + Ih, where 



2 2 2 4 2 2 2 4 \\u k j 2 \\ L 2^\\vk,j 3 \\ L * T \ 
2-^2^2^2^||n fe , j2 ||^J|^ 3 || iL . 



1 ^ 32=3 max, 3\<33 

it = 

For , by summing on j\ we have 

^1 < E 2-^/2 2 3/ S /4 2 i 1 /2 2J 3/4|| Ufei . 2 || ii J|^. 3 || i 

j2=jmax,jl<j3 

< £ 2 3fc / 4 2^/2||^ ; . 2 || L?| J| Ufeij3 || i?T 

j 2 >3fc-20, j 3 >0 

< 2- 3fe / 4 ||i^|| Xfc ||^|| Xfc2 . 

For J/2, we have 
^2 < 

32=jmax,3l>33 

< 2- 3fe / 4 ||/^|| Xfc ||^|| Xfc 



2 . E 2-^/2 2 3*/4 2J -,/2 2 iV4|| Ufci . 2 || 1 . l J| Vfc>j . 8 || 2 . lT 



□ 



To consider the low-low interaction, from now on let V G Co° W be a standard 
bump function such that = 1 if |i| < 1 and ip(t) = if \t\ > 2. 

Lemma 2.6 (low - low interaction). If < fci, fc 2 , /c 3 < 100, then for any u, v £ 



(i+r- P (or v (Oimt)Pk 2 u* p k3 v 



< 



Xk 1 



\\Pk 2 U\\ L °o L 2\\Pk 3 V\\ L °o L 2. 



Proof. From the definition of X k , Plancherel's equality and Bernstein's inequality 
we achieve 



Xk 1 



(i + r- p(0) _1 %. (0*^(*)Ku * ^ 
<2 fe ^ 2-^11^^^, P k3 v\\ L 2 L 2 

33>0 

thereby reaching the desired estimate. 

Lemma 2.7 (high high interaction). 

(i) If k > 10, \k — fc 2 | < 5, i/ien /or any u, v £ F s , 

(2.10) (^r-MOrSo^^^V <fc2- 3fc / 2 ||P feU |UJ|P fc2 i;|U fc2 . 

A 

(ii) // fc > 10, \k — fc 2 | < 5 and 1 < fci < k — 9, i/ien for any u, v £ F s , 



□ 



[i + T- p(f )) Sfe! (?RPc« * ft 2 *> 



A', 



(2.11) 



< (2- 3fc / 2 + fc2- 2fc+fe i/ 2 )||PH| x J|P fe2 HU fc 
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Proof. For part (i), we may assume k = fe. The left-hand side of (12.10|l is domi- 
nated by 

o 

£ 2 fe E 2-^/2|| Xj3fe3 . 3 >ttfciJi * Wfciia || ilT) 

fc 3 = -00 jl,j2,j3>0 

where itfc, ^ , v ki j 2 are as in (|2.7p with £3 > — 10A; and ji , j'2 , J3 < 10A; being assumed 
in the summation. Now, it suffices to consider the worst case \ja — 2k — k^\ < 10: 
Applying (12. 5j) we get 



(i + r - p(0) -1 »?d(0»CAu * ft 3 « 



< E £ 2-^3/22^ 2 ^/2 2 - fc 3/2 2 , I /2 2J V 2 || Ufe) . i | U? j| % . 2 | U?)T 

fc 3 =-10fcj'i,j2>0 

<fc2- 3fe / 2 ||i^|UJ|i^|| Xfc , 

which is the desired estimate in part (a). 

For part (ii) we may also assume k = ki, and consequently get 



(i + T- piOy 1 ^ {i)i£,P k u * P k2 v 



(2.12) 



<2 fel E 2-^ 2 \\ XDkitji -u k , j2 *v k , j3 \\ Llr , 
ji,32,ja>0 



where u k ,j 2 , v k j 3 are as in (|2.7|) with fc maa; > 2/c + ki — 10 and ji, j%, j'3 < 10/c 
being assumed in the summation. We will bound the right-hand side of (|2.12p case 
by case. The first case is that j\ = jmax in the summation. Concerning this case 
we apply (|2.5[) to get 



2 fel E 2 ' h/i \\XD kl , H -u k<h *v k , h \\ LlT 

jl,32,j3>0 

<2 fcl E £ 2-^2-*/ 2 2-^/ a 2*»/ 2 ^/ 2 ||u fc , Js || L?i J|« fcf3 -,|U |iT 

i 1 >2fc+fci-10j2,j3>0 

<2- 3fc / 2 ||i^|UJ|^;|| Xfc , 

which is acceptable. The second case is j% = jmax- Regarding this one we apply 
(1231) to get 



E 2- 



Ji/2| 



XD kl , 31 -U kij2 *V k ,j 3 \\ L 2 T 



h,h,33>0 



/2| 



~ 2fcl E E 2- J1 2- k 2- kl/2 2 jl/2 2 j: 

J2>2fc+fel-10il, j 3 >o 

<fc2- 2fc 2^/ 2 ||i^|UJ|iVi|U fe2 , 

where in the last inequality we have used ji < 10/c. The third case is j'3 = jmax, 
but this is identical with the case ji = jmax due to symmetry. Thus, the estimate 
of (|2~TTj) is done. □ 

The main reason of using F~ 3 / 4 is the logarithmic loss of derivative in (|2. 10(1 . 
Nevertheless, we can avoid the logarithmic loss in (|2. 10|) by using a Xq structure 
on the low frequency. 
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Lemma 2.8 (Xo estimate). Let \k\ — k 2 \ < 5 and k\ > 10. Then we have for all 
u,v £ F° 

3k ± 



<2-^\\P kl u\\x kl \\PkM\x k2 . 



ip(t) / W{t - s)P< d x \P kl u{s)Pk 2 v{s))ds 
Jo 

Proof. From now on we put 

Q(u,v)=ip(t) f W(t-s)P< d x [P kl u{s)Pk 2 v(s)]ds. 
Jo 

Via a straightforward computation we find a constant c such that 



F[Q{u,v)] (£,r) =t 



Pk 1 u(£l,Tl)Pk 2 v(£ 2 ,T2). 



x dr' 

's=?l+?2,r'=Tl+T2 

For the fixed point £ € K we split the hyperplanc 

T:= {e = a+6,r' = T 1+ T 2 } 

into 

Ti = {|£|<2~ 2fel } nr ; 

r 2 = » 2- 2k \\ n - P {^)\ « 3 • 2 2fel = l, 2} n r ; 
r 3 = »2- 2fc Mr 1 -p(a)l>3-2 2fcl |ei}nr ; 
r 4 = m »2- 2fe Mr 2 - P (6)|>3-2 2fci |ei}nr. 

With this splitting we write 



T 
where 

Gi =C 







^(t)- / W{t~s)P< d x [P kl u{s)Pk 2 v{s)]ds 

$(T-T^-$(T- P (t)) 



(£, r) := G x + G 2 + G 3 + G 4 



t'-p(0 



TO®* / PkM^,Tl)P k2 V^2,T 2 )dT' 



r, 



with C being a constant. 

First of all, let us deal with the contribution of G\ . Using Lemma 12.21 and 
Proposition ^. II (ii) (in the coming next section), we get 

WF-^GJW^ < (z + r'-Kor^R / Pk^(Zi,n)PZi(&,T 2 ) 

Since |£| < 2~ 2fcl holds in the region of G±, we get 

(i + r' -piOr^oim [ ^Ki,n)©(6.Ta) 

J Gi x 

z E E - " ' E iixu fc , J ,-«* 1 j 1 *«faAiu» 

fe 3 <-2fe 1 +10j3>0 ii>0j 2 >0 

where 

Uk u h (£, t) = 7} kl {OVh ( T ~ P(£))H€, T),v kuh (£, r) = r) kl (Ovh (t - p(Q)v(€, r). 
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Using Lemma 12.31 (iii) we obtain 

\\^- 1 {G l )\\ LlLT < E E 2- j3/2 2 fe3 2^/ 2 2^/ 2 || UfclJ1 || i2 |k fe2j2 ||L 2 

fc 3 <-2fei + 10 ji>0 
< 2- 3k -\\P^L\\ Xki \\P^L\\ Xk2 , 

which suffices to give the bound for G-y. 

Next, we settle the contribution of G3. Using Lemma l2~2l and Proposition Ejjii) 
we get 



\\^-\G 3 )\\ LiLr < 



Jr 3 



<EE 2 ^ 3/22fc3 E hD k3 , j3 -u kujl *v k2 , h \\ L * 

k 3 <0j 3 >0 ii>OJ 2 >0 

Clearly we may assume j'3 < lOfci in the summation above. Applying Lemma 2.3 
(iii) we get 

II^CG^IUsxr < E E 2 k ^ 2 2-^\\u kuJ1 \\ L 4v k2j2 \\ L , 

k 3 <0 ] 1 >k 3 +2k 1 - 10,j 2 ,j 3 >0 

< ^2-^11^11x^11^11^, 

which suffices to give the bound for G3. From symmetry, the bound for G4 is the 
same as G3. 

Finally, we consider the contribution of G2 . From the proof of the dyadic bilinear 
estimates, we know this term is the main contribution. By a computation we get 

Jo e 4 ^ J R 2 J [VkA&,T 2 )\ 

where 

wfc^i.n) = %i(Ci)X{|r 1 -p($i)|«3-2 2 '»i|$|}^(6)n) ) 
vk 2 (&,T 2 ) = '7fe 2 (6)X{|T2-p(6)i<3-2 2 "i|ei}^(6.72). 

By a change of variable r{ = ri — p(£i), = r 2 — p(&), we get 

r . , . r e *i(p(Si)+p(fo)-p(S)) _ e ->t(ri+r 2 ) 
(G 2 ) = ^(t)e^«Tjb(0e / e lt ^+^ 



'£=6 +6 T i + t 2 - p(£) + + p(£ 2 ) 

x wfei + p(6))«fe 2 (6, ^2 + p(6)) rfTi^T 2 

For the contribution of jr t _1 (/i), we have 

T -i (TT \- [ t^Q^K f "fci(6,n +p(£i)H 2 (6,T- 2 

^ ^ J i R2 e-**C0 i 5=?i+?2 r 1+ r 2 -p(e)+p(a)+p(6) 1 
Since in the support of and Uk 2 we have 

|T1+T2-P(0+P(6)+P(6)l~2 2fel |^|, 
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we conclude from Lemma l2.il that 



< 



tUk±(€i,n +K£i))ufc 2 (6>r 2 +p(6)) 



n + 72j-p(0+p(fi)+p(6) 



dri dr 2 



<2-^\\P kl u\\x k J\Pk 2 u\\x k 



To complete the argument, it remains to prove the following inequality 
\\T-\l)\\ LlLr <2- 3k ^P^\\ x J\PZu\\ Xk2 . 
In doing this, let us compare the term / with the following term I': 



e «(p(6)+p(£2)-j>(£)) 

-P(0+P(^l)+P(6) 

X ^(ClfTl +P(£,l))vk 2 (£,2,T 2 rfTirfr 2 . 

By symmetry we may assume that fci > fc 2 as well as \a\ < 2 1 - Then, on the 
hyperplane £ = 6 + 6 we have 

In 

-P(ii + 6) + p(6) +p(6) = 3/3fc&£(i - ^-j), 

whence getting 
Inserting this into /' we have 

e «0«i)+p(£,)) (2a/3/3)" 

(66)161" 



^r 1 (7') = ^(t)ryo(OE / e * t(Tl+T2) / 



x wfti(6> T i +p(6))ufe 2 (C2,r 2 +p(6)) rfnrf-r 2 . 

Since it is easy to see that (actually we need a smooth version of X{|f|»A}) : Any 
A > ensures 

WF^Xm^xyFxuWiZLoo < \\u\\ L 2 LT , 

by setting 

Hf n )(0 = K^itn + P (0); ^(9r 2 )(0 = ft^(e,r 2 

we get from Lemma |2. II that 

oc „ 

\\t- 1 {i')\\lil T < E c " / ll^wa-(" +1 )/ ri w/(t)a- 1 5T2 |U, Lr dr 1 dr 2 

00 „ 

< 2-^||^|| Xfei ||^|| Xfe2 . 
Meanwhile, it is also necessary to establish the following inequality 

- < 2-^||^]]x fel \\Ku\\x k2 ■ 
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Since in the integral region we have |r»| <C 2 2kl |£| where i = 1, 2, on the hyperplane 
£ = £i + £2 we obtain 

1 1 



n +t 2 -p(f) +p(fO -p(0 +p(6) 

Ti + r 2 



§ +K6) V-p(0 + 



The purpose of doing such a decomposition is to make the variable separately. So, 
we can apply Lemma |2. II Via decomposing low frequency we get 

n=l 2 2 fc 3>2- 2fe i max(|ri|,|T 2 |) 

x | & l (w)"„|J *>*•■ 

Using the fact that Xfc 3 (£)(£/2 fc3 ) _,i is a multiplier for the space L 2 L^°, we get 

< E C" l |T! +r 2 r2-" fc3 2- 2nfcl 

n=l 1/82 2 fc 3 >2- 2fc i max(|ri|,|T 2 |) 

x 2- 3fel / 2 ||^(/ ri )|| L2 ||n9r 2 )||L^T 1 dr 2 

< 2-^^\\P k ~^\\ Xk jP k ~^\\ Xk2 . 

□ 

3. Proof of Theorem 11.21 

This section is devoted to proving Thcorcm ll.2l bv using the standard contraction 
principle and the dyadic estimates obtained in the last section. 

While making a comparison with the KdV equation, we will immediately en- 
counter an essential difference - unlike KdV, the Benjamin equation has no any 
scaling invariant property. Instead, in order to prove Theorem 11.21 we may use the 
following scale argument: If u(x,t) is a solution of (|1.1[) , then for A > 0, 

u\(x,t) = X 2 u(Xx, X 3 t) 

is a solution to the following equation 

d t u - jd x u + aHd 2 x u + /3d 3 u + d x (u 2 ) = 0, (x,t) e K x K, 
u(x, 0) = 4>{x), 



(3.1) 
where 



7 = A 2 7, a — Xa, and 4>{x) = X 2 Uq(Xx). 

Note that 

\\X 2 u (Xx)\\ H s < A s+3 / 2 || Mo ||^ +A 3 / 2 || U o||h=. 
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So, under s > —3/2 we may assume ||^||.h» <C 1 by taking < A C 1. Also, 
upon a normalization of u, we may assume (3 = 1. With these assumptions, we see 
that a consideration of the local well-posedness of (jl.ip in _ff~ 3 / 4 (R) is reduced to 
handling the similar matter for the equation (|3 . 1 1) under the condition 

|7|<1, |o|<l, UWh-*/* « 1- 
Using the Duhamel principle and setting u(t) = u(x,t) we see that (|3.1j) can be 
solved by finding the unique solution of the following truncated integral equation 

t r /"* 
u(i)=^(-) / W(t-r)9 x (^ 2 (r)M 2 (r))dr 

4 L Jo 

In solving this last equation, we need the forthcoming ingredients. 
Proposition 3.1 (linear estimates). 

(i) If s G M and G -ff s , i/ien i/iere exists C > suc/i i/iai 
(3.2) ^(Wt)^^. < C||0|| H -. 

(ii) // s S M, fe € Z + and u satisfies (i + r — .^-"(u) G i/ien t/iere exists 
C > smc/i i/iai 



(3.3) 



J" 



^(t) / W(i-s)(u(s))ds 



^CIKi + r-pfO)- 1 ^)!! 



A,,. 



A A- 



'- U )]llA fc , > 



Proof. A proof of (i) follows from Lemma 12.11 A proof of (ii) can be given via 

US]. □ 

Proposition 3.2 (bilinear estimates). For u,v G F s let 

t f* 

(3.4) B(u,v):=i>(-) W{t-T)d x (^{r)u{T)-v{T))dT. 

4 Jo 

// —3/4 < s < 0, tten i/iere exists C > smc/i i/iai 

(3.5) < CdluH^Ht;^-,/. + ||«|| # -»/*||t;b0 
ZioZd for any u,v £ F s . 

Proof. In light of the argument for [T3l Proposition 4.2], we check the proposition 
as follows. Thanks to 

(3.6) \\B(u,v)\\ 2 = \\P<oB(u,v)\\ 2 Xa + 2 2fcl l?fe(0nB( 

fei>i 

we are about to control the two terms of the right-hand side of 
Using the decomposition of u, v we have 

\\B(u,v)\\x < \\B(P k2 u,P k3 v)\\ Xol 

k 2 ,k 3 >0 

thereby considering two cases: 

(i) If max(k2,ks) < 10, then Lemma |2~21 implies 

ho(t)P< Q u\\ Xo < ||P<ou||jt . 

This, along with Lemma [231 and Proposition 13. 11 gives 

\\B(P h2 u,P k3 v)y < \\P k2 u\\ LrLi \\P k3 v\\ LrLl , 

whence yielding 

(3.7) \\B(u,v)\U < (\\u\\ p 4v\\p-^ + \\u\\ P - 3/ 4v\\ ps ). 
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(ii) If max(fc 2 , ka) > 10, then |fc 2 — k^\ < 5 and hence by Lemma [27 

\\B(u,v)\\x < E 2-^/ 2 ||^(P fe2U )|| Xfe2 ||^(P fc3 t-)||x, 3 

|fc2-fc3|<5,fc 2 ,fc 3 >10 

(3.8) < ||u||^-3/4||w||^_3/4 

< (\\u\\ Fs \\v\\ P - 3/4 + \\u\\ P - 3/ 4v\\ ps ). 
Now a combination of (|3.7[) and (|3.8[) deduces 

(3.9) ||P< B(^)||x < \\u\\p.\Mf-^ + \Hp-,/a\\v\\ p .. 

Next, let us control the second part at the right-hand side of (|3.6|) . To do so, 
owing to symmetry we may assume ki <k%. Decomposing u and v again and using 
Proposition 13.11 (ii) . we see 

h kl (tMB(u,v)}\\ Xki 

< E hkAt)HB(p k2 u,p k3 v)]\\ Xki 

k 2 ,k 3 >0 
k 2 ,k 3 >0 



(iii) If k max < 20, then an application of Lemma [231 and (jl.3p derives 



*-'2,fe3>0 

< E ll^«IU t ~x*ll*Vlk-x*- 



A";, 



t <20 



Note that 



\Pkv\\ L rLi < 



H-PfcaHUfc when k > 1, 
IIA^lix, when fc = °' 



A, 



So we get 

fcl>l fc 2 ,fc3>0 

(3.10) <(|| W ||^-3/4]|«||f.) 2 - 

(iv) If fc max > 20, then three subcases are considered: 

|k x - k 3 | < 5, k 2 <k!-10; 
|ki-k 3 |<5, k!-9<k 2 <k 3 ; 
|k 2 -k 3 | <5, l<ki <k 2 -5. 

For (iv)i, we use Lemma 12741 (i) with fc 2 = and Lemma [2741 (ii) with A: 2 > 1 to get 
(|3.10p . For (iv) 2 , we use Lemma [2TB1 to establish p.lOp . For (iv) 3 , we apply Lemma 
[2771 (ii) to achieve ([3710]) . 

A combination of (iii) and (iv) implies 

(3.11) E 2 2klS hkA0nB(u,v)}\\ Xki < \\u\\p-„4v\\ p .. 
ki>l 

Finally, we bring (j3.9p and ([3. lip into (j3.6p to produce the bilinear estimate 

era. □ 
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Keeping the previous two propositions in mind, we can use the standard fixed 
point argument (for the bounded bilinear operator B : F s x F s i— > F s whenever 
s G [-3/4, 0]) to find a solution u of §J\j in both F~ 3 / 4 and C([-T, T]; iJ~ 3 / 4 ) for 
some T > depending on the initial data 0, and then verify the rest of Theorem 
PI 

4. Modified Energies for Global Well-posedness 

To apply the so-called I-method [TI] to extending the local solution to the global, 
let us review a couple of definitions. Given a complex-valued function m : R fc — » C, 
we say that m is symmetric provided to(£i, • • ■ ,£/-) = to(<t(£i, • ■ • , holds for 
all cr G Sk, the group of all permutations on k objects. The symmetrization of m 
is the function 

[m] sym (ti,&,--- ,€k) = 77 m ( CT (£i >&,••■ .&))• 

We then define a fc-linear functional associated to the function to (multiplier) acting 
on k functions U\, ■ ■ ■ ,Uk, 

A fe (m;tii, • • • ,u k ) = / m(£i, • • • ,£k)«T(Ci) • • 

In the sequel, we will often apply Afc to k copies of the same function u. Con- 
sequently, Afc (to; u, . . . , u) may simply be written Afc (to). Using the symmetry of 
the measure on hyperplane, we obtain Afc (to) = A.k([m,] sym ), thereby reaching the 
following assertion. 

Lemma 4.1 (ODE in time). Suppose u satisfies the Benjamin equation (|3.ip and 
that to is a symmetric function. Then 

(4.1) Afc (to) = Afc(mvfc) - A k (mh k ) 

at 

k 

-i-Ak + i(m(£i,...,ffc_i,£fc + £fc+i)(£fc + £k+i))> 

where 

i>fc=i«i +£2 +•" + $) and h k =ia(^ 1 \+^ 2 \ + --- + ^ k \). 
Proof. This may be directly verified by the Benjamin equation (|3.ip . □ 

Next, we define a branch of the modified energies. Given an arbitrary even 
R-valued function to : K — > R, let 

mo = m(o/(o> 

where the multiplier to(£) is smooth, monotone, and of the form: 

(42) TO(n-I x - ^ l<iV ' 

when N ^> 1. The modified energy -Ef (t) ^ s determined by 

£7?(t) = ||/«(t)||i,. 

Using PlancherePs identity and noticing that to is even and u is R-valued, we get 

£?(i)=A a (m(fc)m(6)). 
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Now, (|4.1|) in Lemma [4T] and symmetry (about £ 2 and £3) are used to yield 

j t Ej{t) = A 2 (TO(a)m(£ 2 ) W2 ) - A 2 {m^ 1 )m{^)h 2 ) 

-tAa(m(&)m(6+6)(6+&)) 
= A 3 (-i[m(a)m(£ 2 + + b)] sym )- 

Putting 

M 3 (a,6,6) = -*Mfi)m(6 + + &)]^m, 

we define the following new modified energy 

£f(t)=£f(t)+A 3 (<7 3 ), 

where the symmetric function 173 will be chosen momentarily to achieve a cancela- 
tion. Applying (|4.f P of Lemma 14.11 we get 



(4.3) j t Ej{t) = A 3 (M 3 ) + A 3 (cr 3 <; 3 ) - A 3 (a 3 h 3 ) 

- |*A4 fai (£1 , 6, & + + • 

Unlike the KdV case in [llj . there is one more term to be canceled. Thus, we choose 

M 3 

o 3 = 7 

rt 3 - v 3 

to force that the part containing the A3 terms in (|4.3| vanishes. So, if 

m a (£1 , £ 2) &, a) = -»| [0-3 (a , & , & + e*) (f 3 + Wm, 



then 

Similarly, if 
with 

then 
where 



jEKt) = A 4 (M 4 ). 



Ej{t) = E 3 T {t) + A 4 (ct4) 



M 4 

cr 4 = 



/i 4 — v 4 
|^(t)=A 5 (M 5 ), 



m 5 (a , . . . , &) = -2* [<7 4 (a , 6 , 6 , £4 + £5) (& + 6)] S9m - 

In order to prove the pointwise estimates for the multipliers cr 3 , cr 4 , we need two 
more lemmas. 

Lemma 4.2 (equalities on hyper-planes). 
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(i) #6+6+6 = 0, then 

6 3 +£f + 6 3 = 3666 

and 

6161 +6161 +6161 = 2§^, 

\<, \rnax 

where \£\ max = max{|6| : j = 1, 2, 3}. 

(ii) #6 +6 + 6+6 = 0, tten 

6 3 + el + el + 6 3 - -3(6 + 6X6 + 6X6 + 6) 

and 

|« 4 -/i4|~|(6 + 6X6+6X6 +6)1. 

whenever max{|6| : j = lj 2, 3, 4} 3> 1 and |a| < 1. 

Proof. This follows from a straightforward computation. □ 



(4.4) { (m 2 )'(0 = O(^), 

(m 2 )"(6=0(^). 



To introduce the next lemma, we first observe that if m is of the form (|4.2|) then 
rn 2 enjoys 

m 2 (0 ~ m 2 (r) for |£| ~ 
L(i 

If? 

Secondly, we need two mean value formulas which follow immediately from the 
fundamental theorem of calculus: \rj\, |A| <C |£| implies 

(4.5) Ht + v)-<0\ < \V\ sup |a'(Ol, 

IflHSI 

and the double mean value formula 

(4.6) | a (£ + r? + A)-a(£ + 77)-a(£ + A)+a(0|<M|A| sup |a" (£')!• 

lf'l~lfl 



In applying (14.51) and (14. 6j) . we are required to extend the surface supported mul- 
tiplier 03 to the whole space as in [15]. More precisely, 

Lemma 4.3 (extension to entire space). If m is of the form (|4.2[) . then for each 
dyadic A < fi there is an extension of 03 from the diagonal set 

{(6,6,6) er 3 (M),|6l ~A, |6|,|6I~m} 

to the full dyadic set 

{(6,6,6) eR 3 , |6I -A, |6U6l~/4 

which satisfies 

(4.7) |9f 1 9| 2 9 3 3 V 3 (6,6,6)l < Cm 2 (A) A1 - 2 A-' 3 V-*-ft. 

Proof. Without loss of generality, we may assume max(|6 1, |61, 161) ^ 1 (otherwise 
03 = 0). Since 

« 3 = i(6 3 + 6 3 + el) = 3*666 

is with a size about A/1 2 on the hyperplane 6+6+6 = and since 

M 3 (6,6,6) = -iK6)m(6+6)(6 + 6)] s „m 

= i(m 2 (6)6+m 2 (6)6+m 2 (6)6), 
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is valid for A ~ fi, we extend 03 by setting 

u , , , i(m 2 (6)6+m 2 (6)6+m 2 (6)6) 
03(41,42,43) ^FTTTi — 2a s ' 

• j *4l4243l 1 - 3 | g | max j 

and if A <C /i, we extend (73 by setting 

, f s ^K(a)4i + m 2 (4 2 )4 2 - m 2 (4! + 4 2 )(4i + &)) 
" 3( 3) " ^i4 2 4 3 (i - afc) ■ 

From (|4~5|) and we see that (|4.7[) holds. □ 

With the foregoing treatment and some ideas in [T5], we are ready to give the 
pointwise bounds for 174 which is the key to control the growth of Ej(t) and hence 
like no others (including the KdV case). 

Lemma 4.4 (M 4 estimate). If m is of the form (|4.2p . then 

|M 4 (4i,42,43,4 4 )| < ro a (min(JVi,JV ifc )) 



^ 4 ' 8 ^ |« 4 -ft4| ~ {N + N 1 )(N + N 2 )(N + N 3 ){N + N 4 ) 

holds for |4i| ~ Ni, |4j + 4*1 ~ Njk with Ni, Njk dyadic. 
Proof. From Lemma 14.21 it is seen that (|4.8|) follows from a verification of 

|M 4 (fr,6,fr,&)| < m^min^.JVjfc)) 



f4 9) 

V ' ; M ~ (N + N^N + N 2 )(N + N 3 )(N + N^)' 

By symmetry, we may assume iVi > N2 > N3 > N4,. Note that 4i +42 + 43 + 44 = 
yields N% ~ iVjj. So, we may also assume that iVi ~ N 2 >N -otherwise M 4 vanishes 
due to m 2 (4) = 1 when |£| < AT. 

If max(JVi2,JVi3,iVi4) « iVi, then 4 2 « 4s « -4i, 4 4 « -4i, which 

contradicts that 4i + 42 + 43 + 44 = 0. Hence we get max(Ni 2} N 13 , N u ) ~ N\. 
Consequently, we rewrite the right-hand side of (|4.9[) as 

m 2 (min(iV z ,iV jfc )) 
i\ri 2 (JV + JV 3 )(JV + JV 4 )" 
Using Lemma 14.21 we get that if 4i + 42 + 43 + 44 = then 

V4 = »(£? + 4 2 3 + 4 3 3 + 4 4 ) - -3i(6 + 6X41 + 4 3 ) (4 2 + 4 3 ) 

is with size Ni 2 Ni 3 Ni4. The construction of M 4 tells us 

m 4 (4i,42,43,4 4 ) ~ k 3 (4i,42,43 + 44)(43 + 44)] sym 

= o 3 (4i , 4 2 , 4s + 44 ) (4 3 + 44 ) + ^3 (4i , 4s , 4 2 + 44 ) (4 2 + 4 4 ) 
+ o 3 (4i , 4 4 , 4 2 + 4 3 ) (4 2 + 4s ) + ^3 (4 2 , 4s , 4i + 4 4 ) (4i + 4 4 ) 
+ 03(6, 4 4 , 4i + 4s)(4i + 4 3 ) + ct 3 (4 3 , 4 4 , 4i + 4 2 )(4i + &) 

= M4l,42, 43 +6) -^(-43,-6, 43 +44)](43 +44) 

+ M4i, 43,42 + 44) -ct 3 (-4 2 , -44,42 + 4 4 )](4 2 + 4 4 ) 
+ [0-3 (4i , 44 , 4 2 + 43) - <j 3 (-4 2 , -4 3 , 4 2 + 4s )] (42 + 4s ) 

(4.10) := I + 11 + III. 



So, the inequality (14. 9j) will follow from a case-by-case analysis. 

(i) l-^il^Y- This case is divided into four subcases: (i)i; (ii)2 ; (1)3; (1)4 below. 
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(i)i - N12, N13, Ni4>N%. For this subcase, we just use (|4.7j) to get 
which yields (|4.9p . 

(i)2 - N12 <C Ni, Nis>Ni, Ni4>Ni. Under this subcase, we are required to 
handle the contributions of I, II and III separately. For I, we employ (|4.7[) to derive 

_^|_ m 2 (min(iV 4 ,jV 12 )) 

M ~ N? 

which gives (|4.9p . For II, we rewrite 

II = M£i,£ 3) £ 2 + £4) - ff 3 (-6, -a 6 + + £*) 
= [o-a (6 , 6 , 6 + £4) - <y z (-£ 2 , £ 3 , £ 2 + £ 4 )] (6 + U) 

+ M-6,£3,6 + £ 4 ) - ff 3 (-6, -£4,6 + £ 4 )](£ 2 + £ 4 ) 
:= ih + ih- 

If iVi 2 >7V 3 , then using (gSJ, (JUTJ) for 77i and using gj]) for II 2 , we find 

< m 2 (N 4 ) 

\v 4 \ ~ N?N 3 ' 
If N12 < iV 3 , using (|3~5|) . (j4~7) for both II X and JI 2 , we get 

\II\ < m 2 (7V 4 ) 

M ~ N?N 3 ' 

Adding IJi and 77 2 , we reach (|4.9p . For III, we repeat the foregoing estimates for 
II, thereby obtaining (|4.9[) . 

(i) 3 - N12 < iVi, A^is < iVi, Nu>Ni. Since AT 12 < AT 1; 7Vi 3 < ATj implies 
ATj ~ iV 2 ~ iV 3 ~ JV4, we deal with I, II, and III respectively. Regarding I, we 
rewrite 

/ = [<jz (£1 , £ 2 , £3 + £ 4 ) - ^ 3 (-£ 3 , £ 2 , £ 3 + £ 4 )] (£3 + £4) 
+ k(-£ 3 ,£ 2 , £3 + £4) - <r 3 (-£ 3 , -£ 4 , £3 + £ 4 )](£ 3 + £4) 

:= h + h. 

Using (|4~7) . for both /j and J 2 , we get 

1(1 < m 2 (N 12 ) 
M ~ N? ■ 

thereby reaching (14. 9p . Regarding II, we just redo the above estimates for I to reach 
(|4.9p . Regarding III, we rewrite 

III = M£i, £4, £2 + £3) - <7 3 (-£2, -£ 3 , £2 + £3)] (£2 + £ 3 ) 
= 2 fa (£1 , £4, £2 + £3 ) - ^3 (-6 , -£3 , £2 + £3 ) 

- o- 3 (-£ 3 , -£2, £2 + £3) + ct 3 (£ 4 ,£i,£ 2 + £ 3 )](£ 2 + £3)- 

Using (|4.6[) four times, we have 

\HI\ < m 2 (JVi) 

|«4 1 ~ Nf ' 
thereby getting the desired estimate. 
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(i) 4 - Ni 2 <C Ni, Ni3>Ni, N14 <C N\. This case is completely similar to (i)3. 
So, the details are omitted here. 

(ii) 2V4 <C N/2. In this case we have 

7n 2 (min(JVi, N jk )) = 1 and N 13 ~ |6 + 61 = 16 + 6| ~ #1- 

whence controlling (|4.9[) in accordance with the following two subcases: (ii) 1 ; (ii)2- 
(ii)i - Ni/4 > N 12 >N/2. Since a combination of N A < AT/ 2 and |6 + 61 = 
16 + 61^-^/2 implies N 3 >N/2, using [174 1 ~ Ni 2 Nf we bound the six terms in 
(|4.10| respectively, whence getting 

\M 4 \ < 1 
|« 4 | ~ N*N 3 N' 

which gives (|4.9[) . 

(ii) 2 - iVi2 < iV/2. Owing to N u = N 3i < AT/ 2 and iV 4 < N/2, we must have 
A^ <C N/2 and A^3 ~ Nu ~ Ni, thereby treating I, II and III. Concerning I, we 
use N 3 , N 4 , N 34: < N/2 to produce cr 3 (-6, ~6, 6 + 6) = 0. Thus, it follows from 
P~7j) that 

in < 1^3(6,6,6+6)1 < j_ 

|« 4 | ~ N? ~ Nf 

as desired. Concerning II and III, we have two items of N 3 , A/4, N 12 in the denomi- 
nator which will cause a problem. Thus, we cannot deal with II and III separately, 
but we need to exploit the cancelation between II and III. To do so, we rewrite 

11 + in = [(73(6, 6, 6 + 6) - ^(-6, -6, 6 + 6)K6 + 6) 
+ M6,6,6 + 6) - ^(-6,-6,6 + 6)](6 + 6) 

= fo(6, 6, 6 + 6) - o- 3 (-6, -6, 6 + 6)]6 
+ M6,6,6 +6) -^s(-6,-6,6 + 6)]6 
+ [(73(6,6,6 + 6) - ^(-6,-6,6 + 6) 
+ <r 3 (6 ,6,6 + 6)- ^3 (-6,-6,6+ 6 )]6 

= Ji + J 2 + J 3 . 

The consideration of J\ comes first. Noticing 

Vh\ < IM6,6,6 +6) - ^(-6,-6,6 +6)]6I 
M ~ n 12 n? 

we obtain that if Ni 2 -C A^ (in this case, A^ ~ N4), then using (|4. 5[) twice (other- 
wise using (|4.5[) once and (|4.7[) ) one gets 

JAl < J_ 

h 1 ~ at 

The treatment of J 2 is identical to that of J\. Thus, it remains to handle J 3 . In 
doing so, we first assume that N 42 >N 3 . Then by the symmetry of 173, we get 

J3 = [0-3(6,6,6+6) - C3(-6 ~ 6,6,6) 

+ 0-3 (6 , 6 , 6 + 6 ) - o- 3 (-6 - 6 , 6 , 6 )] 6 ■ 

From (|4.5|) and Ni 2 >N 3 , we achieve 

< J_ 

k 1 ~ A^ 4 ' 
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Secondly, if N12 <C -ZV3, then ^3 ~ JV4, and hence we rewrite 

J3 = [o- 3 (-6,6,6 + U) -o- 3 (-6,-6, 6 + 6) 
+ 03 (6 , 6, 6 + 6 ) - 03 (6 , -6 , 6 + 6 )]6 
+ [03(6, 6, 6 + 6) - 0s(-6, 6, 6 + 6) 
+ 0-3(6,-6,6 +6) -o- 3 (-6,-6,6 + 6)]6 

:= ^31 + ^32- 

On the one hand, (|4.5[l derives 

IJ32I < 1 
K 1 ~ Nf 

On the other hand, it follows from (|4.7| and m 2 (6) = m2 (6) — 1 that 

J31 = [c r 3(-6,6,6 + 6) -o"3(-6,-6,6 + 6) 
- 0-3(6, -6, 6 + 6) + 0-3(6, 6, 6 + 6)]6 

= -m 2 (6)6 + 6 + m\£ 2 + g 4 )fe + gO 

6(6+6)(-6-f ) 
-m 2 (6)6 - 6 + m 2 (6 + 6)(6 + 6) t 



(-6)(6+6)(-6-f ) 
m 2 (ei)6+6 + ^ 2 (6+6)(6+6) 

2a \ 



6 



66(6 + 6 + f 
^ 2 (6)6 - 6 + ^ 2 (6 + 6) (6 + 6) , 
6 (-6X6 + 6 + f) 
m 2 (6+6)(6 + 6)-™ 2 (6)6 f m 2 (g 2 + e 4 )(6 + 6)-m 2 (6)6 . 



6(6+6)(-6-f ) 



(-6)(6 + 6)(-6-f) 



3 ; v s*/vs^ 1 s«a 3 

m 2 (6)6 + ™ 2 (6 + 6)(6+6L ^(6)6 + ^ 2 (6 + 6)(6 + 6) , 

— ?2 „ , rT77 ~T — ?2 



66(6 + 6 + f ) 



6(-6)(6 + 6 + f ) 



6 + 6 
66 

-m 2 (6)6 + ™ 2 (6 + 6)(6 + 6) + m 2 (6)6 + ™ 2 (6 + 6)(6 + 6) 



(6 + 6)(6 + f ) 



+ i^rr 1 ) [™ 2 (6)6 + ™ 2 (6 + 6)(6 + 6)] 



1 



6 



-6(6 +6 + f) (6 + 6)(6 + f)- 

Therefore, we use (|4.6|) for the first term, and (|4. 5[) for the second term, to conclude 

YhA < i 

which completes the estimate of J3. □ 
Below is the estimate for Ms(6, ■■■j^s)- 
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Lemma 4.5 (M5 estimate). If m is of the form (|4.2j) . then 

m 2 (N* 45 )N 45 



|M 5 (^,...,e 5 )| 



< 



(N + Ni)(N + N 2 )(N + N 3 )(N + N 45 ) 



where 



N, 45 = ndn(N lt Nn, N 3 , N 45 ,N 12 ,N 13 , N 23 ). 
Proof. This is immediate from the estimates of o~ 4 in Lemma 14.41 

5. Proof of Theorem 11.31 



□ 



Through demonstrating Theorem 11.31 we, in this section, extend the local so- 
lutions in Theorems 11.1111.21 to the global solutions. The argument depends on a 
variant of the local well-posedness as follows. 

Proposition 5.1 (variant of local well-posedness). Let —3/4 < s < 0. Suppose <fi 
satisfies \\I<P\\l2^ < 2eo <C 1. Then (|3.ip has a unique solution on [—1, 1] with 

\\Iu\\p 3{1) < Ce , 

where C is a positive constant independent of N and < A < 1 . 

Proof. This can be verified via a slight modification of that for Theorem 11.21 □ 

From Proposition 15. 1[ we see that it is enough to control the growth of Ej(t). 
In doing so, it is better to settle directly the growth of Ej(t) via the following 
difference inequality at the intermediate point s = —3/4. 

Proposition 5.2 (difference between Ej and Ej). Let s = —3/4 and I be defined 
with the multiplier m of the form (|4.2[) . Then 

\Ej(t)-Ej(t)\ < \\Iu(t)\\l 2 + \\Iu(t)\\i 2 . 

Proof. Because of 

Ej{t) = Ej(t) + A 3 (a 3 ) + A 4 (a 4 ), 
it suffices to show the following two inequalities: 

3 

(5.1) |A 3 (c73;ui,U2,M3)| < J|||/tii||ii; 



4 



(5.2) 



\A 4 (o-4,;Ui,U2,U 3 ,U4)\ 



< 



Uw iu 



i\\L 2 - 



In the sequel, we may assume that Ui are non-negative. 
To prove (|5.ip . it suffices to check 



(5.3) 



A, 



m 2 (£i)6+m 2 (6)6 + ™ 2 (6)6 



1=1 



£,i&(,3m(£,i)m(£ 2 )m(£, 3 ) 

By the Littlewood-Paley decomposition, we find that the left-hand side of (|5 . 3|) is 
bounded by 

'™ 2 (6Ki+™ 2 (6K2 + m 2 (6)6. 



E : =E 

A 3 fci>0 



A, 



Ci66 m (6)w(6)TO(6) 



■,P kl ui,P k2 u 2 ,P k3 u 3 



Let Ni — 2 ki . Using symmetry we may also assume Ni > N 2 > N 3 and hence 
iVi ~ N 2 >N. Consequently, we need to handle two cases. 
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(i) A3 <C N. This case ensures m(iV3) = 1, but also 

N S N S 



E s E 



fci>0 



A, 



:-P kl U 1 ,P k2 U2,Pk 3 'U3 



N l + s N l+s 

< \^3(N[ 1/4 N; 1/4 ;P klUl ,P k2 u 2 ,P k3 u 3 



ki>0 



So, (|5.3p will be proved upon verifying 



E 

fc;>0 



'«i+?2+e 3 =o,i5 l |~Af i 

To see this, let us define Wj(a;) via its Fourier transform: 

«i(0 = -wr 1/6 ^(Ox{|«i~^}(0- 

By the Sobolev embedding inequality we have ||^i||i3^||wj||i2, thus getting by 
Holder's inequality, 



E 



AT 1/2 n%ite)^(&) ~ E xr l/ V[l\\v<\\» 



i=l 



3 

< n n^iu-, 

2=1 



1=1 



as desired. 

(ii) N 3 >N. Under this assumption, it is not hard to obtain 



E^ E 

A 3 fci>0 



A 3 



' N -m N -a/4 



N 



1/2 



-; P kl ui, P k2 u 2 , Pk 3 u 3 



< 



n 



Ui\\L 2 , 



whence getting (|5.ip . 

Next, in order to show (|5.2p , it is enough to prove 



(5.4) 



A 4 



<T 4 



m (Ci)™(6) m (6)™(C4) 



< 



Again, by the Littlewood-Paley decomposition we find that the left-hand side of 
(|5.4[) is dominated by 



E-E 

A 4 ki>0 



A, 



0"4 



w(6) m (6) TO (6)^(C4) 



P kl Ul,P k2 U2,Pk 3 Uz,P ki UA 



Let ATj = 2 fei . Using symmetry we may assume N\ > N 2 > N 3 > N4 and hence 
Ni ~ N 2 >N. Thanks to 



£74 



m (£i) m (60™(6iW£4) 



< 



1 



< 



m=i(^+^M^) nti^, 



1/4' 
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using Holder's inequality we get 

iv- 3 



E s E 



fc;>0 I\i = l 



1/4 



i=l 



as desired. 



□ 



According to Proposition 15.21 Ej (t) is very close to Ej (t) , so our task is in 
turn to control Ej(t). In order to handle the increasing of Ej(t), we induce the 
forthcoming product estimate to control the derivative 

^(*) = Ab(M 6 ), 



where 



dt 



M B (&,...,&) = -2* [(7 4 (£i , & , & , & + 6) (& + 6 



5 )\sym • 



Proposition 5.3 (product estimate). Let Jet twi/i l^l^l- < fei < . . . < fcs 

and fc4 > 10, t/ien 



(5.5) 



5 



where X^.. is replaced by on the right-hand side whenever kj — 0. 

Proof. From Holder's inequality it follows that the left-hand side of (|5.5|) is domi- 
nated by 

3 

II \\ P k>( W i)\\LiL? eI ■ \\ P k A {w i)\\ L ^ L 2 ■ \\Pk 5 ( w 5)\\L?L 2 t - 
z=l 

Then we use Lemma 12.21 to dominate ||Pfe 4 (w4)|| i tx Ji 2 and ||Pfc 5 (iU5)||z,°o£2. How- 
ever, in controlling IIPs^ws^Ils^oo^ we consider two cases: First, if fc 3 > 10 
then we use interpolation between ||Pfe 3 (iy3)||z / 2L~ J and ||Pfc 3 (103) ||l*L|| i > Lemma 
12.21 Second, if &3 < 10, then we use interpolation between \\Pk 3 {w2,)\\LlL^ eI and 
||Pfe 3 (^3) . Similarly, we can handle the remaining items: ||Pfej (wi)||iooi,2 
and \\Pk 2 ( w '2)\\L°°L 2 i thereby reaching (|5.5[) . □ 



The following is the required integral inequality which has a root in |11[ Lemma 
5.2]. 

Proposition 5.4 (integral estimate for As(A/5; ■•■)). Let S<1. If m is of the form 
(JH2J) with s = -3/4, then 



(5.6) 



A 5 (M 5 ;mi, . . .,u 5 )dt 



<N-^H\\I Uj \\po {s) . 



Proof. Without loss of generality, we may assume each Uj is nonnegative, and then 
restrict it to a frequency band \£j\ ~ Nj = 2 k i via a Littlewood-Paley decompo- 
sition, and finally sum in Nj . According to Lemma 14.41 and the definition of the 
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operator /, it is sufficient for us to demonstrate 

,, 7 , r 5 { N^iN^mU^iT 1 wovHmn ii 

(5.7) / ^ ;ui,...,u 5 ) at <N * \\ u i\\f»(S)- 

Upon canceling N45 < (N + N45) in (|5.7p , we may only deal with the worst situation 
when m 2 (JV*45) = 1 in the sequel, and are about to verify the following inequality 



E 

fei,...,fc 6 >0 



\ ( Ui=i [(N + N^mjN,)}- 1 \ 



Q ^ m(JV 4 )m(JV, 
< N-t- Y[ \\ui\\Fo (s) , where iY, = 2 fe ' 



5 



i=l 

Applying symmetry, we may assume N\ > N2 > -/V3 and N4 > N$ and two 
of the estimates Ni>N. We fix the extension £tj, still denoted by tij, such that 

IHIf°^ 2 IMIf°(,5)- 

Using the form (|4.2p with s = — 3/4 we get 

L - - < N-WlNi)- 1 '* and ^ < N^N^N^. 

(N + Ni)m(Ni) ~ x 7 m(N 4 )m(N 5 ) ~ 4 5 

Therefore, we need to control 

E : = ^ ¥ E f A * ((^Vi>- 1/4 (iV2}- 1/4 (^)- 1/4 iV4 3/4 iV5 3/4 ; t»i, ... , « 5 ) dt. 

N ki 

If 7V 2 ~ Ni>N, N 4 <N 2 , then we just consider the worst case 

Ni > N 2 > Ni > N 5 > N 3 . 
From (|5.5p in Proposition 15.31 we see 

e s E(^)" 5/4 (^) _5/4 ^3) i/6 ivr^5 7/6 n ii^K 

Af JVj t=l 

< j\r" n II j %IIfo W . 

3=1 

The rest cases: JV4 ~ N$>N, Ni<N$ or iVi ~ N4~>N follow in a similar ways, and 
so their details are omitted here. □ 

With the previous propositions, we can now extend the local solutions to the 
global ones, thereby completing the proof of Theorem 11.31 To see this, let us fix 
Mo E H s and time T > 0. Then, our goal is to construct the solution of (jl.ljl 
on t E [0, T]. If u is a solution to (jl.ip with initial data uq, then for any A > 0, 
u\(x,t) — \ 2 u(\x,\ z t) is a solution to (|3.ip with initial data uo t \(x) = \ 2 uq(\x). 
By a simple calculation we know that for s > —3/4, 

\\IuoM\l* <^ +s N- s \\u \\ Hs . 

For a fixed N (to be determined later) and (j>{x) — \ 2 uq{\x), we take A ~ N 3 + 2s 
such that 

\i +s N- s \\4>\\ H s =e < 1. 
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So, the goal is in turn to find the solution to (13. 1| on [0,A~ 3 T]. According to 
Proposition 15.11 we have a local solution u\ on t G [0, 1], so what we need is to 
control the modified energy Ej (t) := ||Jua||?2. 

Let us start with controling Ej(i) for t G [0, 1]. This will be done via proving 
Ej(t) < 4eq. Using the so-called bootstrap argument we may assume Ej(i) < 5e§. 
From Proposition 15 . 21 we get 

Ej(0) = E](0) + 0(4) and Ef(t) = E*(t) + O(e 3 ), 

thereby finding from Proposition 15.41 that for t G [0, 1] 

Ej{t) < Ej(0) + Ce^N- 15 / 4 . 

Therefore 

||J« A (l)||i a = ^(l)+0(eg) 

< Ef (0) + CelN- 35 ^ + 0(4) 
= el + CelN-^ + 0(el) 
<4eg. 

Consequently, u\ is extendable to the interval [0,2]. Continuing this process M- 
steps, we get that for t G [0, M + 1] there is a constant C > with 

Ej(t) < Ej(0) + CMe 5 N~ 15 ^. 

Now, as long as MN~ 15 / 4 <1, we have 

Ej{M) = Ej(t) + 0(4) = 4 + 0(el) + CMe 5 N~ 15 / 4 < 4eg, 

Thus, the solution can be extended to the interval [0, TV 15 / 4 ]. Taking N(T) suffi- 
ciently large such that 

N 15/i > X -3 T _ N ~^ T where s > _ 3/ / 4 ^ 

Therefore, u\ can be extended to [0, A _3 T]. Returning to the original equation 
we use the scaling argument to verify that its solution u can be extended to 
[0, T], as desired. 

Last but not least, let us have a look at the selection of N for the given time 
T > 0. Using the scaling we get 

SUP \\u(t)\\ H s ~A~3~s sup \\u X (t)\\ H s < A~'~ S sup \\Iu X (t)\\ L 2 

t€[0,T] te[o,A- 3 T] te[o,A- 3 T] 

and 

\\I<I>\\\v><N-'Hx\\h- ~ N- S \1 +S U\\ HS . 
From the above we know 

Sup ||/UA(t)|| £a < \\I</>xh', 

te[o,x- 3 T] 

thereby finding 

sup \\u(t)\\ H s < N- S U\\ H *. 
te[o,T] 

Taking A such that ||/</>,\||i,2 ~ eo <C 1, we obtain 

X = X(N,eo,U\\H') ~ (^f 1 ) N ^ 
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and consequently choose such an N that 

> \- 3 T ~ C wlHtteo N-^T. 
Of course, this last requirement will be met as long as 

4(3 + 2s) 

N r\J rilj.ll T 45 + 54s 

holds for some positive constant C|un H , )ea . In particular, if N ~ T 4 / 3 , then the 
found global solution u(x, t) enjoy the following time-dependent estimate 

ll«(-,t)llff-»/«^(l + |*|)||«o|U-»/« for te[0,T}. 
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